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Souhrn

Následující text shrnuje poznatky o struktuře protonů a jader v
kontextu jevu partonové saturace. Tato práce je formulována pomocí
modelu barevného dipolu, kde fyzikální informace je obsažena v tzv.
dipolové amplitudě rozptylu. Tento objekt můžeme získat jako řešení
integro-diferenciální rovnice s názvem Balitsky-Kovchegovova (BK) ro-
vnice, která je odvozena z formálního poruchového rozvoje Lagrangiánu
QCD, nebo pomocí modelu inspirovaného chováním QCD. Řešení plné
BK rovnice je velmi komplikované, jak z hlediska fyzikální interpretace
tak z hlediska technického. Prvotní zjednodušená řešení předpoklá-
dala homogenní nekonečně velký hadronový terč. Avšak v současnosti
lze už BK rovnici řešit pro terč konečných rozměrů. Hadronové terče
mají kromě konečných rozměrů i konstituenty, které fluktuují v čase.
Současné metody řešení BK rovnice neumožňují studovat tyto fluktu-
ace přímo. Proto byl navržen model hadronového terče formulovaný
pomocí fluktuujících kapek, reprezentujících oblasti s velkou hustotou
gluonových polí. V rámci tohoto modelu byl pozorován důležitý pro-
jev saturace - dissociativní účinný průřez jako funkce energie srážky
roste až do maxima a následně klesá. Navíc poloha tohoto maxima
je v oblasti měření současných a plánovaných urychlovačů. Nakonec
je prezentována aplikace modelů na pozorovatelné veličiny v procesech
jako hluboce nepružný rozptyl, produkce vektorových mesonů a difrak-
tivní hluboce nepružný rozptyl.



Summary

The following text summarizes understanding of the structure of
the proton and nuclei in the context of parton saturation. This work has
been developed within the color-dipole approach, where the physics is
encoded in the dipole scattering amplitude. This object can be obtained
by solving an integro-differential equation, the Balitsky-Kovchegov (BK)
equation, obtained from a formal perturbative expansion of QCD, or
by proposing a QCD-inspired model. The solution of the full BK equa-
tion is complicated, both from the point of view of physics and tech-
nically. The first solutions, in order to simplify the problem, assumed
a homogeneous and infinite hadronic target. However, at current stage
of knowledge, the BK equation can be solved for a finite target. The
hadronic targets, in addition to have a finite size, are composed of fields
that fluctuate event-by-event. The current state of the art in the so-
lution of the BK equation does not allow to study these fluctuations
directly. Therefore, a model of hadron targets is proposed made of fluc-
tuating hot spots, representing regions with a high density of gluons
fields. With this model, a new and striking signature for saturation
was discovered: the dissociative cross section reaches a maximum, as
a function of energy, and then decreases. Furthermore, this maximum
is within the reach of current and planned accelerators. Finally, the
application to observables from processes of the deep-inelastic scatter-
ing, vector meson production and diffractive deep-inelastic scattering is
presented.
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1 Introduction

According to the current state of knowledge, one can recognize
four fundamental forces in the Universe: gravitational, electromagnetic,
weak and strong. The strong force acts between color charged objects
and it is responsible for the existence of hadrons, e.g. protons and
neutrons and of nuclei. However, the mechanism behind the strong
force is not yet fully understood.

The most successful theory that describes the strong force is the
Standard Model, via the part called the quantum chromodynamics
(QCD). QCD is a relativistic quantum field theory that describe the
structure of hadrons in terms of quark and gluon fields. Gluons are
the force carriers of the theory. Quarks are the building blocks that
constitute matter. Due to the non-abelian nature of this theory, it is
possible for a gluon to be splitted into two gluons and also it is possible
that two gluons recombine into a single gluon.

The dynamics of QCD is defined by its Lagrangian, which is fully
known. However, the fact that the Lagrangian of the interaction is
known does not mean that the transformation of the Lagrangian to the
equations of motion and their solution for relevant fields can be done
easily. Owing to the complexity of the theory, no exact solutions of
the full QCD have been found so far. Meanwhile, we have to resort
to approximations that simplify the solution. The commonly used ap-
proximating method is to use the perturbative series in powers of the
strong coupling constant known from quantum mechanics.

Using the perturbative method in QCD leads to the formulation
of the Feynman rules for different parts of the scattering flow diagram
in analogy to quantum electrodynamics. These rules can be used to
formulate the scattering amplitude of the process and by squaring the
amplitude also the cross section of the process. The use of pertur-
bative QCD was so far very successful in the description of different
observables. However, the omitting of non-perturbative effects led to
disagreement of predictions with measured data in certain situations
and so there were attempts to solve the disagreement by including phe-
nomena that are able to describe the observed discrepancy. One of the
problems, where non-perturbative effects play a crucial role is the de-
scription of the structure of the proton in terms of quark and gluon
fields.
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2 Parton saturation via the Balitsky-Kovchegov
equation

Very precise measurements of inclusive data from deep-inelastic
scattering at HERA [1] have shown that the proton structure func-
tion F2(x,Q2) is dominated by gluons at low Bjorken variable x. The
number of gluons rises towards larger values of the virtuality, lnQ2,
of the photon at fixed x, but their size gets smaller. This behavior is
known to be the result of the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
(DGLAP) evolution equations. On the other hand, the number of glu-
ons inside a proton rises steeply towards small values of the Bjorken
variable x with fixed values of the virtuality Q2, which corresponds to
the high-energy limit of QCD.

Figure 1: Evolution of parton density in different kinematical regions. Figure
taken from [2]

This rise corresponds to the growth of the gluon distribution func-
tion for decreasing x at a fixed scale and it was understood to be due to
a gluon-branching process. This branching process was encoded in an
integro-differential equation describing the evolution of the gluon dis-
tribution function in the hadron phase space called the Balitsky-Fadin-
Kuraev-Lipatov (BFKL) evolution equation, schematically written as
∂yN = K ⊗ N , where K is the kernel of the equation and N is the
probability of interaction related to the gluon distribution. In contrast
to the DGLAP case, the evolved gluons do not have smaller sizes, but
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they have smaller Bjorken x, due to momentum conservation in the
branching vertex. While the transverse phase space of the proton is
not filled (dilute regime) and the gluon wave functions do not overlap,
the evolution is linear. The unitarity of the cross section encoded in the
Froissard bound [3] implies that the growth of the gluon density should
be tamed at some point. This phenomenon is known as parton (quark
and gluon) saturation. A first model of gluon saturation in QCD was
presented in the seminal work [4], where a nonlinear term was added to
the BFKL evolution equation of the gluon distribution, schematically
∂yN = K ⊗ (N − N2). As a result, after the branching processes fills
the transverse phase space of the proton (dense regime) and the evolu-
tion crosses the saturation scale, the wave functions of individual gluons
start to overlap and recombination processes may occur. Therefore, the
number of gluons is given as the result of a dynamical balance between
emission and recombination processes.

A framework to study saturation phenomena is the Color Glass
Condensate (CGC); an effective theory, which describes the high-energy
limit of QCD [5]. The CGC in the nonlinear regime and in the limit
of large number of colors proposes a non-linear evolution equation for
the scattering amplitude N of a dipole off the CGC matter. It was
independently derived by Balitsky [6] and by Kovchegov [7] within the
color dipole model. This equation is called the Balitsky–Kovchegov
(BK) equation.

The BK equation is a four dimensional integro-differential equation
with an infrared divergent kernel. The solution of the BK equation
depends in principle on two 2-dimensional vectors: an usual choice for
these vectors is to take the impact parameter of the dipole with respect
to the target ~b and the size of the dipole ~r.

Up to now, there is no analytic solution for the BK equation, it
has to be solved numerically. The numerical solution requires a lot of
resources. Partially because of this, N was assumed to take the form

N(~r,~b) = σ0N(|~r|). (1)

That is, it was assumed that the target was homogeneous, isotropic and
infinitely large.

The solutions of the BK equation assuming dependence on only
one variable |~r| have been used to describe a variety of HERA data:
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inclusive, diffractive and exclusive production of vector mesons. The
assumption of Eq. (1) was reasonable in the sense that all other degrees
of freedom were integrated out and replaced by one constant which in
a sense correspond to the realization of an inclusive measurement.

One of the main problems of this version of the BK equation (rcBK)
is that the kernel of this integro-differential equation was derived using
leading-logarithmic approximation and thus it neglects higher order di-
agrams. Recently, attempts to include more diagrams into the kernel
was done in [8] leading to the so-called collinearly improved Balitsky-
Kovchegov equation (ciBK). Results of the solution of ciBK without an
impact-parameter dependence were successfully used to describe data
from HERA for inclusive deep-inelastic scattering (DIS) [8].

The first successful attempt to find a solution of the equation with
an explicit impact-parameter dependence was done in collaboration
with my colleagues in [9, 10].

q q̄

g

~r2 ~r1

~r

~b

θ

ϕ

~d2 ~d1
~b2 ~b1

~d3

Figure 2: Schematics of the emission of the daughter dipole from the parent
dipole and its interaction with a target

The BK equation describes the evolution in rapidity y = ln(x0/x)
corresponding to Bjorken x, of the scattering amplitude N(~r,~b, y) for
the scattering of a color dipole of transverse size ~r = ~d1 − ~d2 with a
target at a distance ~b = (~d1 + ~d2 )/2, see Fig. 2. During the evolution
the "parent" dipole may split into two "daughter" dipoles with the
sizes ~r1 = ~d1 − ~d3 and ~r2 = ~d2 − ~d3 or, due to the nonlinear term, two
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"daughter" dipoles can recombine into one dipole. The general form of
the equation was given in [6, 7]

∂N(~r,~b, y)

∂y
=

∫
d~r1K(~r, ~r1, ~r2)

(
N(~r1,~b1, y) +N(~r2,~b2, y)

−N(~r,~b, y)−N(~r1,~b1, y)N(~r2,~b2, y)
)
. (2)

2.1 Deep-inelastic scattering

One of the most studied processes in the last decades is the deep-
inelastic scattering of an electron off a proton target. It is mostly due
to the rich and precise collection of data measured by the HERA ex-
periments H1 and ZEUS (see e.g. [1]).

e−, k

e−, k′

p+, p

X

γ, q

W 2s

Figure 3: Schematics of the deep-inelastic process.

The incident electron with four-momentum k emits a virtual pho-
ton with four-momentum q = (k−k′) and continues outward with four-
momentum k′. The photon interacts with the target proton with four-
momentum p producing a system of hadronsX. The scale of the process
is given by the square of the four-momentum of the exchanged photon
Q2 = −q2 and the square of total collision energy in the center-of-mass
(cms) frame is s = (k + p)2. The cms energy of the photon-proton
system, which is available for the production of final state hadrons, is
W 2 = (q + p)2.

In a quantum field theory treatment of the DIS process, one can
express the cross section via two form factors F2 and F1 (or usually
FL = F2 − 2xF1) and these form factors incorporate the structure of
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the proton. In the Feynman parton model, this structure can be build
from the contributions of individual partons (quarks and gluons) that
are present in the proton during the interaction and that carry longitu-
dinal momenta xp, where x = Q2/2pq = Q2/(Q2 +W 2) is the fraction
of momenta of proton carried by the parton in the infinite momentum
frame. Therefore, if we want to study the evolution of the parton prob-
abilities in the proton we have to extract F2 and FL from experimental
data and compare them to a model that allows us to calculate them.

At high energies it is advantageous to form such model using the
color dipole approach [11]. It treats the interaction in the rest frame of

γ∗ γ∗

~r

1− z

z

~b

x x

p, A p, A

(1− z)~r

z~r

q̄

q

Figure 4: Interaction scheme of the deep-inelastic scattering in color dipole
approach with qq̄ Fock state.

the proton, where the incoming photon is taken as an infinite ladder of
Fock states built from partons that have the quantum numbers of the
original photon and carry no net color. During the interaction, one of
the Fock states exchanges a colorless object with the quantum numbers
of the vacuum, called the Pomeron, with the target proton. Using the
QCD degrees of freedom, the simplest approximation of the Pomeron
is a pair of gluons with opposite color and anti-color. Taking the most
probable Fock state being a qq̄ pair one can depict the process as in
Fig. 4

The proton structure functions F2(x,Q2) and FL(x,Q2) are related
to the total cross section σγ∗p for the scattering of a virtual photon γ∗
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off a proton as [11, 12]

F2(x,Q2) =
Q2

4π2αem
(σγ

∗p
T (x,Q2) + σγ

∗p
L (x,Q2))

FL(x,Q2) =
Q2

4π2αem
σγ

∗p
L (x,Q2), (3)

where x is the Bjorken x, Q2 is the scale of the process, αem is the
fine-structure constant, σγ

∗p
T,L(x,Q2) are the transversal and longitudi-

nal cross sections of the scattering of a transversally or longitudinally
polarized virtual photon with a target proton, respectively. They can
be calculated in the light-cone color dipole model [11–13] as

σγ
∗p
T,L(x,Q2) =

∫
d~r

1∫
0

dz|ψT,Lγ∗→qq̄(~r, z,Q
2)|2σqq̄(~r, x̃), (4)

where σqq̄(~r, x) is the cross section for the interaction of a quark-antiquark
dipole with the target proton, ψT,Lγ∗→qq̄(~r, z,Q

2) are wave functions (prob-
ability amplitudes) of a situation where a photon splits into a quark-
antiquark pair, ~r is the transverse dipole size, ~b is the impact parameter
of the dipole and z is the fraction of the photon momentum carried by
one of the quarks from the dipole and x̃ is a Bjorken x of the exchanged
Pomeron.

We have successfully calculated the results for DIS structure func-
tions using the impact parameter independent BK evolution equation,
see [14]. In the papers [9] and [10] we have extended our model to
include the solution of the explicitly impact-parameter dependent BK
equation and we have published predictions using this model in kine-
matic regions for the new facilities, the EIC and the LHeC. So, without
any additional parameters our model for the impact parameter depen-
dent BK equation can be used to describe data, see Fig. 5. Both our
models describe data for inclusive DIS very well due to the fact that
the dipole scattering amplitude enters the cross section formula already
integrated over the impact parameter, and so, the difference between
both models can be absorbed in the parameters of the impact-parameter
independent model.
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Figure 5: Structure function calculated using the impact parameter inde-
pendent rcBK (left) and using the impact parameter dependent BK equation
(right) compared to HERA data. Both models describe data well in a broad
range of scales Q2.

2.2 Production of vector mesons

The production of vector mesons can be viewed as follows. Con-
sider a photon with four-momenta q emitted from the electron or hadron
with four-momenta k. The scale of the photon is Q2 = −q2. Either
Q2 is very small ∼ 0 (photoproduction) or Q2 is greater than 0 (elec-
troproduction). This photon interacts diffractively with the incoming
proton with four-momenta p while a vector meson is produced with
four-momenta pV and the proton is either left intact (exclusive produc-
tion) or is dissociated into a diffractive hadronic system (dissociative
production) with four-momenta x.

Q2

e, p, A e, p, A

γ

W

t

VM

p,A

p,A

√
s

Q2

e, p, A e, p, A

γ

W

t

VM

p,A

p∗, A∗

√
s

Figure 6: Kinematics of exclusive and dissociative vector meson production
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The square of the total energy available for the production of the final
state in the cms frame is W 2 and it is related to the square of the total
collision energy s = W 2 +Q2. Another kinematic quantity that defines
the process is the square of the four-momenta transfer in the proton
vertex t = −Q2 − (pVT )2, where pVT is the transverse momentum of the
outgoing vector meson. In particular, for photoproduction Q2 = 0 we
can write

√−t = pVT =: ∆. The last kinematic variable that is usually
defined is the Bjorken x as

x =
M2
V +Q2

W 2 +Q2
=
MV√
s

exp(−y), (5)

where MV and y are the mass and the rapidity of the vector meson.
The production of a vector meson in the color dipole approach

can be calculated in analogy to the DIS case. The amplitude for the
production of a vector meson V is given by [15]

Aγ∗p→V pT,L = i

∫
d2r

1∫
0

dz

4π

∫
d2bΨ∗V Ψγ∗

∣∣∣
T,L

e−i(
~b−(1−z)~r )∆ dσqq̄

d2b
(6)

where Ψ∗V Ψγ∗ |T,L is the overlap of a virtual photon and the vector
meson wave function, ∆ =

√−t denotes the transverse momentum lost
by the proton, ~r is the transverse dipole size, ~b is the impact parameter
of the dipole and z is the part of photon momenta carried by one of the
quarks from the dipole. The momentum transfer ∆ Fourier conjugates
to the transverse distance from the center of the proton to one of quarks
in the dipole ~b + (1 − z)~r. The diffractive differential and total cross
section can be written as

dσγ
∗p→V p
T,L

d|t| =
1

16π

∣∣∣Aγ∗p→V pT,L

∣∣∣2 σγ
∗p→V p
T,L =

tmax∫
tmin

dσγ
∗p→V p
T,L

d|t| . (7)

The derivation of the previous formulas relies on the assumption
that the S-matrix is purely real and so the amplitude A is purely imag-
inary. The real part of the amplitude can be accounted for by multiply-
ing the differential cross section by a factor 1 + β2

T,L as in [16]. Finally,
one has to incorporate the fact, that gluons attached to quarks in the
qq̄ dipole carry different light-front momenta fractions x and x′ of the
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proton: the skewness effect [17]. It is taken into account by multiplying
the cross sections formula with a factor R2

g(λT,L).
We have successfully calculated the results for exclusive vector me-

son production using the impact parameter dependent BK evolution
equation in the paper [10] and we have published predictions using
this model in kinematic regions for the new facilities, the EIC and the
LHeC. The main results of the paper are shown at Fig. 7, where the |t|-
distribution for the J/Ψ meson is shown compared to data form HERA.
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Figure 7: Comparison of the predictions of the model with HERA data from
H1 for the |t| dependence of the exclusive photoproduction (left) and electro-
production (right) cross sections of the J/Ψ meson and the W dependence of
the total cross section (bottom).

Moreover, there are no additional parameters used and the scat-
tering amplitude is of the same form as was used to calculate DIS while
it describes available data from H1 for the |t|-distribution of J/Ψ photo
and electroproduction and also data for the total cross section from H1
and also form ALICE, see fig 7.
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2.3 Diffractive deep-inelastic scattering

Diffractive deep-inelastic scattering is a process where an electron
scatters off the hadron leading to an electron + hadron + diffractive
system of hadrons denoted as X, where the hadron in the final state
carries most of the beam momenta. The scattering can be seen as
follows. Consider an electron with four-momentum k, that emits a
photon with four-momentum q and goes away with the four-momentum
k′. The produced photon with scale Q2 = −q2 interacts strongly with
the incoming hadron with four-momentum p while the target hadron is
not dissolved and with a gap in rapidity the hadronic spectrum X with
the mass MX is produced.

Figure 8: Kinematics of the diffractive deep-inelastic process.

We can define W 2 = (q + p)2 as the center-of-mass energy of the
photon-hadron system, Q2 = −(k − k′)2 is the scale of the incoming
photon, s = (k + p)2 = W 2 + Q2 as the cms energy of the collision,
xP = (Q2 + M2

X)/s is the fractional longitudinal momentum loss of
the hadron and β = Q2/(M2

X + Q2). Using these kinematic variables
one can define Bjorken x as xBj = βxP = Q2/s. The differential cross
section for diffractive DIS can be expressed as (see e.g. [18])

dσeh→eXh

dβdQ2dxP
=

4πα2

βQ4

[
1− y +

y2

2

](
F
D(3)
2 (xP, β,Q

2)−

y2

1 + (1− y)2
F
D(3)
L (xP, β,Q

2)
)
, (8)
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where y is the fractional energy loss of the electron in the hadron rest
frame and F

D(3)
2 and F

D(3)
L are diffractive structure functions. If we

restrict ourselves to the two simplest states qq̄ and qq̄g, we can write in
the color dipole approach

F
D(3)
2 = FDT,qq̄ + FDL,qq̄ + FDT,qq̄q(+F

D
L,qq̄q),

where T, L denote the transverse and longitudinal degrees of freedom of
the photon. For the qq̄g contribution, only the transverse polarization
is usually considered, since the longitudinal counterpart has no leading
logarithm in Q2. Individual contributions derived in the color dipole
formalism are in e.g. [19]
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Figure 9: Predictions for the xP-dependence of the reduced diffractive cross
section at different combinations of the photon virtuality and β, considering
the b-CGC, IP-Sat, and b-dep ciBK models for the dipole-proton scattering
amplitude. Data from H1 are presented for comparison.

In [20] we have presented, for the first time, predictions for the
diffractive structure functions and reduced diffractive cross sections de-
rived using the solution of the impact-parameter dependent Balitsky-
Kovchegov equation for the dipole-target scattering amplitude, see Fig.
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9. Note, that the solution of the BK equation can be used without any
additional parameter in the same form as was used for the calculation
of DIS and vector meson observables. Our results for collisions off a
proton target indicate that the BK equation describes the existing data
well and implies a smaller normalization for the reduced cross section
in comparison to phenomenological models based on the CGC physics.

3 The hot-spot model

Perturbative QCD predicts that the gluon density in hadrons grows
with energy, or equivalently with decreasing Bjorken x, up to a point
where nonlinear effects manifest to slow down this growth, a phe-
nomenon known as gluon saturation. Exclusive and dissociative vector
meson photoproduction, see Fig 6, is sensitive to the distribution of
gluons in the impact parameter plane, through the dependence of the
cross section on t, the square of the momentum transfer at the target
vertex. The kinematics of the process are summarized in Sec. 2.2.
While the exclusive process, where the target hadron remains intact,
is easy to calculate within the color dipole approach, see Sec. 2.2, the
dissociative process, where the target hadron is dissolved, is harder to
calculate directly and one has to rely on a more general procedure. In
a Good-Walker formalism [21] exclusive diffractive processes are pro-
portional to the average over the different configurations of the target,
while dissociative processes, where the target gets excited and produces
many particles, measure the variance over the configurations [22].

Diagrams for the exclusive and dissociative production of vector
mesons are shown in Fig. 6, where the photon source is a proton or a
Pb ion. In the dipole color model [11, 12], the exclusive and dissocia-
tive production of vector mesons proceeds as follows. A photon with
virtuality Q2 fluctuates into a coherent quark-antiquark pair with the
transverse distance ~r, then this pair interacts with the target proton
at an impact parameter ~b with the color dipole cross section σdip at
total energy W and forms a vector meson with mass MV and Bjorken
x = (M2

V +Q2)/(W 2 +Q2). In the exclusive case, the target proton
remains intact while in the dissociative case the proton is resolved. In
this approach the amplitude is written in Sec. 2.2.

The physics of the interaction is encoded in the dipole-target cross
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section, which is related, via the optical theorem, to the imaginary part
of the forward dipole-target amplitude N(x,~r,~b) as

dσdp

d~b
= 2N(x,~r,~b) = σ0N(x, r)Tp(~b). (9)

In order to use the impact parameter integrated dipole amplitude
a factorized form for the dipole cross section (see [23]) is used, where
σ0 ≡ 4πBp is a constant that provides the normalization and Tp(~b)
describes the proton profile in the impact parameter plane and the
form of N(x, r) given by e.g. the GBW model [24]

NGBW(x, r) =

(
1− e−

r2Q2
0

4
(x0/x)λ

)
Q2

0 = 1 GeV2, (10)

where λ and x0 are free parameters.
The proton is a quantum object, so its structure fluctuates from

interaction to interaction. In this model fluctuations are included in
the proton profile Tp(~b). Following [25] the proton profile is defined as
the sum of Nhs(x) regions of high-gluon density, so called hot spots,
each of them having a Gaussian distribution with fixed size Bhs =
0.8 GeV−2 that are placed at positions~bi generated from a 2-D Gaussian
distribution centered at (0, 0) and having the width Bp = 4.7 GeV−2,
see Fig. 10. The final formula reads [25, 26]

Tp(~b) =
1

Nhs(x)

Nhs(x)∑
i=1

Ths(~b−~bi) Ths(b) =
1

2πBhs
e
− b2

2Bhs , (11)

where the number of hot spots Nhs(x) is an unknown functional param-
eter of the model. We took Nhs(x) to be the random number from the
zero-truncated Poisson distribution, where its mean value comes from a
formula very loosely motivated by parton distribution parametrizations
[25, 26]

〈Nhs(x)〉 = 0.011x−0.58(1 + 300
√
x), (12)

where we presume that the number of hot spots will rise with decreasing
Bjorken x. The new ingredient in this model is that it introduces an
indirect energy dependence of the proton profile Tp(~b) by making the
number of hot spots grow with decreasing x (see [27]). This implements
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Figure 10: The figure shows examples of profiles generated from hot spots
at different Bjorken-x. Since the formula for scattering amplitude no longer
depends on the magnitude of the impact parameter, we have to use 2-D dis-
tribution in contrast to standard profile functions. For details see [25].

the hypothesis that, at a given fixed scale, as energy increases, the
number of gluons available for the interaction increases.

Using the above mentioned amplitude in accordance to the Good-
Walker approach, the cross sections are an average over the configura-
tions

dσ(γp→ V p)

dt
=

R2
g

16π

∣∣∣〈Aj(x,Q2, ~∆)
〉∣∣∣2 , (13)

for the exclusive process, and a variance over the configurations

dσ(γp→ V Y )

dt
=

R2
g

16π

(〈∣∣∣Aj(x,Q2, ~∆)
∣∣∣2〉− ∣∣∣〈Aj(x,Q2, ~∆)

〉∣∣∣2) ,
(14)

for dissociative production, see Sec. 2.2.
The parameters of the model were fixed as follows (see the discus-

sion in [25]. The value of λ is constrained by the data for the energy
dependence of exclusive J/Ψ photoproduction from HERA to λ = 0.21.
The parameter Bp is constrained by the t distribution of the same data
at 〈W 〉 = 78 GeV and set to Bp = 4.7 GeV−2 and the parameter
σ0 ≡ 4πBp. The x0 parameter is strongly correlated to σ0, so once
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Bp is fixed, the normalization of the data yields x0 = 0.0002. The
parameter Bhs is constrained by the data for the t dependence of the
dissociative process from HERA and it is set to Bhs = 0.8 GeV−2.
Note that the parameters are chosen so that they describe simulta-
neously the energy dependence of H1 measurements of exclusive and
dissociative J/Ψ photoproduction.
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Figure 11: Left: Results for the structure function F2 calculated using
formulas from Sec. 2.1 with the proton transverse profile composed of hot
spots. Right: Comparison of the model to data on the |t| distribution of
exclusive (blue) and dissociative (red) photoproduction of J/Ψ as measured
by H1 at 〈W 〉 = 78 GeV.

Although the model is relatively simple and has been developed to
describe vector meson photoproduction, it describes well the F2(x,Q2)
data (see Fig. 11). The comparison with H1 data on the t dependence of
J/Ψ photoproduction is shown in the right panel of Fig. 11 for the data
at 〈W 〉 = 78 GeV. Both the exclusive and the dissociative processes are
reasonably well described. The left panel of Fig. 12 shows the energy
dependence of the total cross section for the exclusive vector meson
production within our model and compares it to data from H1 and
ALICE.
Again, the model describes quite well the data. However, when one
plots the same energy dependence of the dissociative vector meson pro-
duction, see the right panel of Fig. 12, one gets not only the correct
description of the energy evolution of the dissociative cross section for
the available data. We also show that the model predicts that the cross
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Figure 12: Comparison of the model to data on the W dependence of the
cross section for exclusive (left) and dissociative (right) photoproduction of
J/Ψ as measured by H1 and ALICE.

section will reach a maximum at W ≈ 500 GeV and it will then turn
around and decrease for higher energies. This decrease of the disso-
ciative J/Ψ photoproduction cross section is a striking feature of our
model and it is significantly large to be observed in theW energy range
accessible at the LHC. Also, it will be one of the first measurements
done at future electron-ion colliders. For the parameters that we have
employed in our study, the maximum at W ≈ 500 GeV is reached when
some 10 hot spots are present, indicating a sizeable overlap of hot spots.

The energy dependence of the dissociative cross section has a ge-
ometrical property reminiscent of percolation. The interpretation of
this behavior is given by the form of the cross section in the Wood-
Saxon approach. The dissociative production measures the variance
over the different configurations into which the structure of the proton
can fluctuate. In our model, this is given by the different geometrical
placements of the hot spots in the impact-parameter plane. As the en-
ergy W increases, so it does the number of hot spots inside the proton,
as shown in Fig. 10. As the hot spots have all the same transversal
area, the more hot spots there are, the more the proton area is filled.
At some point the number of hot spots is so large that they overlap.
At this point, all the possible configurations start to look alike, because
all of them start filling all the available area in the proton and overlap
in a process reminiscent of percolation. From this energy onwards the
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Figure 13: The W dependence of the cross section for exclusive (left) and
dissociative (right) production of J/Ψ (upper plots) and ρ (lower plots) as
measured by H1, ZEUS, LHCb and CMS.

variance over configurations steeply decreases.
Another striking feature of this discovery is the fact, that it is

present for all species and also for electroproduction and the position of
maxima shifts to higher energies for an increasing scale of the process
and also for an increasing mass of the vector meson, see Fig. 13. The
recently published data from the H1 experiment for the dissociative
ρ photoproduction from [28] are well in line with our prediction as
they show that the cross section decreases with energy. For details,
see [29]. Note, that for all of those predictions we have not introduced
any additional parameters, and so, all parameters are basically fixed by
J/Ψ data measured by HERA experiments.
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4 Summary

In [14], I have, together with my colleagues, proposed a novel ef-
fective algorithm to solve numerically the rcBK equation at the leading
order with running coupling. In [10] and in [30], I have (together with
my students and colleagues) successfully modified our algorithm for
solving the BK equation to include an explicit impact parameter de-
pendence and we have, for the first time, published in [9] the results for
the running coupling leading order kernel and also for the collinearly
improved kernel. The inclusion of the impact-parameter dependence in
this context allows for a more realistic treatment of the hadronic targets
and the combination of the new initial condition with the collinearly
improved kernel solve, or suppress strongly, the problems previously
encounter when using the rcBK equation, meaning that now the im-
pact parameter dependence can be meaningfully included in studies of
pQCD at high energies when comparing to data.

Finally, I have in [20], together with my colleagues, tested our
solution of the impact-parameter dependent BK equation on diffractive
deep-inelastic scattering off proton and nuclear targets, where we have
found good agreement with existing data on proton targets while we
have found some very interesting features of our predictions on nuclear
targets.

In the series of papers [25–27, 29, 31] we have developed and stud-
ied in detail a simple, yet clearly motivated, effective model for vec-
tor meson photo and electroproduction off proton and nuclear targets
including hot spots randomly sampled into the thickness function of
the target hadron that fluctuates event-by-event and that allowed us
to calculate the amplitude for exclusive and dissociative vector meson
production as a mean value and variance, respectively, over all gener-
ated configurations via the Good-Walker approach [21]. This analysis
showed a striking feature in the energy dependence of dissociative cross
section that does not grow with energy infinitely but rather has a maxi-
mum and then it drops to zero reflecting the situation where the growing
number of hot spots fills the proton and the variance of such filled pro-
ton goes to zero. This finding is partially supported with recent data
from HERA experiments and provides a very interesting prediction for
one of the fist measurements at future colliders.
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