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Summary
Combinatorics on Words is a research domain providing tools to study discrete
structures that can be modelled using sequences over finite sets of symbols.
We give a short overview of Combinatorics on Words, focusing on the notion
of fixed points of morphisms and on palindromic defect of languages of infinite
words.

Palindromic defect is a measure of how much palindromes are missing in
a language closed under taking mirror images. We reveal its role in the study
of such symmetric languages that are languages of fixed points of morphisms.
We present the so-called “zero defect conjecture” stating that a fixed point of a
primitive morphism which is closed under taking mirror images has either zero
palindromic defect (i.e., no palindromes are missing) or its palindromic defect
is infinite. We shortly present a proof of the conjecture for the class of marked
primitive morphisms and we reveal a connection to another conjecture stating
that if an infinite word, fixed by a primitive morphism, contains infinitely many
palindromes, then the language of the word may be generated by a morphism
in a very special form, so-called class P . We also give briefly describe an
application in algorithmic study of languages generated by morphism.
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Souhrn
Kombinatorika na slovech je oblast výzkumu, která poskytuje nástroje ke stu-
diu diskrétních struktur, které mohou být modelovatelné pomocí posloupností
nad konečnými množinami. Krátce představíme tuto oblast a zaměříme se
na pojmy pevný bod morfismu a palindromický defekt jazyku nekonečného
slova.

Palindromický defekt je míra absence palindromů v jazyku, který je uza-
vřený na braní zrcadlových obrazů svých prvků. Ukážeme roli palindromic-
kého defektu při studiu těchto symetrických jazyků, které jsou vygenerované
morfismy. Představíme takzvanou „zero defect conjecture“, tedy domněnka
nulového defektu, která říká, že pevný bod primitivního morfismu, jehož jazyk
je uzavřený na zrcadlení, má palindromický defekt nula (nechybí žádné palin-
dromy) nebo nekonečno. Uvedeme krátký důkaz tvrzení této domněnky pro
třídu takzvaných „marked“ primitivních morfismů a představíme souvislost
s další domněnkou, která říká, že jazyk nekonečného slova, které je pevným
bodem morfismu a obsahující nekonečně mnoho palindromů, může být vy-
generován morfismem ve speciálním tvaru, tzv. třídě P . Krátce popíšeme
aplikaci při algoritmickém studiu jazyků pevných bodů morfismů.
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1 Introduction
We present several problems and results in Combinatorics on Words concern-
ing fixed points of morphisms and their languages. We start by an overview
of the investigation of the number of missing palindromes in a language of an
infinite word possessing certain symmetries. This number is called the palin-
dromic defect and some of the techniques used for its study have applications
in the investigation of other problems, which are seemingly unrelated. We
also give an application in algorithmic analysis of infinite words that are fixed
points of a morphism. We start with a brief introduction to Combinatorics on
Words and the used notation.

1.1 On Combinatorics on Words
The very beginning of Combinatorics on Words is mostly attributed to Axel
Thue and his articles published from 1906 till 1914. Axel Thue gave birth
to a systematic study of objects called words: finite or infinite sequences of
elements from a finite set called alphabet. The reader may refer to [5, 46, 38]
for translations of Thue’s papers and comments on his results.

The systematic study continued with the appearance of probably the most
famous infinite word, the Thue–Morse word, in the article of Marston Morse
in 1921 [33]. Axel Thue studied the same word in different context, which is
the reason for the name of the word. Let us note that the word Thue–Morse
word is also sometimes called Prouhet–Thue–Morse since is appeared already
in 1851 in [39] by Eugène Prouhet.

The next stepping stone in the history of Combinatorics on Words is the
article [34] of Marston Morse and Gustav Hedlund from 1940. Their work
includes the study of another famous infinite words called Sturmian words
in the honour of the famous mathematician Jacques Charles François Sturm.
A Sturmian word is an infinite word over a two-letter alphabet having factor
complexity n + 1, that is, for each n the number of total distinct contiguous
subsequences of length n found in the word is equal to n+ 1.

Such finite contiguous subsequence is called a factor, thus the name factor
complexity since it is one of the basic measures of chaos (or order) of an
infinite word. Factor complexity has the following essential property: if the
factor complexity of an infinite word is bounded, then the word is (eventually)
periodic. The converse is also true and we may deduce that Sturmian words
are binary words having the least possible factor complexity so that they are
not periodic.

Let us illustrate these notions on the example of the so-called Fibonacci word
f . The word f is a binary word, i.e., it is an infinite sequence over two symbols,
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0 and 1. It may be defined as follows. First, we set q1 = 0. To obtain q2,
we apply the rewriting rule 0 7→ 01 and 1 7→ 0 to q1. We obtain the word
q2 = 01. We apply again the rule to q2 and obtain q3 = 010. We repeat the
procedure and obtain

q1 = 0, q4 = 01001,

q2 = 01, q5 = 01001010,

q3 = 010, q6 = 0100101001001.

Each word qi is a prefix of qi+1 and the length of qi is strictly increasing.
Thus, there is a unique infinite word over {0, 1} having each qi as its prefix,
and it is the Fibonacci word f .

After the mentioned works, the field of Combinatorics on Words has been
growing steadily. The reader may refer to [6] for an overview of early progress
in the area. The steady growth of the domain is underlined by collective
publications containing overview of results in Combinatorics on Words and
closely related domains and various monographs.

The first item on the list of such publications is the book Combinatorics
on Words, first published in 1983, written by a collective of authors under
the pseudonym M. Lothaire [28]. Two more books by M. Lothaire were
published later, Algebraic Combinatorics on Words in 2002 [29] and Applied
Combinatorics on Words in 2005 [30].

The growth of Combinatorics of Words may be also seen in its increasing
connection to other domains. Substitutions in Dynamics, Arithmetics and
Combinatorics published in 2002 [17] is a basic reference for the connec-
tion of Combinatorics of Words and Symbolic Dynamics. The publication
Combinatorics, Automata, and Number Theory of 2010 [7] contains useful
results interconnecting the domain in the title of the publication. The strong
connection to Automata, Theory of Codes and Formal Languages may be also
observed in the following books [22, 31, 41, 42].

Besides the mentioned domains, Combinatorics on Words finds its appli-
cation in many other domains. Let us name some of them: Algebra, Logic,
Music Theory, Stringology, and Biology. The reader may refer to [23] for an
overview of some mentioned applications.

1.2 Notations and definitions
Let A be a finite set, called an alphabet. Its elements are called letters. A
finite word w is an element of An for n ∈ N. The length of w is n and is
denoted |w|. The set of all finite words over A is denoted A∗. An infinite
word over A is an infinite sequence of letters from A.
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A finite word w is a factor of a finite or infinite word v if there exist words
p and s such that v is a concatenation of p, w, and s, denoted v = pws. The
word p is said to be a prefix and s a suffix of v. The set of all factors of a word
u is the language of u and is denoted L(u). All factors of u of length n are
denoted by Ln(u).

An occurrence of w = w0w1 · · ·wn−1 ∈ An in a word v = v0v1v2 . . .
is an index i such that vi · · · vi+n−1 = w. A factor w is unioccurrent in v if
there is exactly one occurrence of w in v. A complete return word of a factor
w (in v) is a factor f (of v) containing exactly two occurrences of w such
that w is its prefix and also its suffix. For instance, the word 010011010 is a
complete return word of 010.

The reversal or mirror mapping assigns to a word w ∈ A∗ the word R(w)
with the letters reversed, i.e.,

R(w) = wn−1wn−2 · · ·w1w0 where w = w0w1 · · ·wn−1 ∈ An.

A word is palindrome ifw = R(w). We say that a language L ⊂ A∗ is closed
under reversal if for all w ∈ L we have R(w) ∈ L.

Given an infinite word u, its factor complexity Cu(n) is the count of its
factors of length n:

Cu(n) = #Ln(u) for all n ∈ N.

Let Pal(u) be the set of all palindromic factors of the infinite word u. The
palindromic complexity Pu(n) of u is given by

Pu(n) = #(Ln(u) ∩ P(u)) for all n ∈ N.

We omit the subscript u if there is no confusion.

Example 1. Thus, for the Fibonacci word we have Pf (n) = 1 if n id odd and
Pf (n) = 2 if n is even. In fact, the palindromic complexity of all Sturmian
words is the same.

2 Palindromic defect
In [16], given a finite word w ∈ A∗, the authors investigate the set of all its
palindromic factors, denoted Pal(w), and give the following upper bound on
#Pal(w):

#Pal(w) ≤ |w|+ 1.

Note that the empty word ε, the unique word of length 0, is an element of
Pal(w) for all w.
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For instance, we have Pal(011) = {ε, 0, 1, 11}. Thus, for the word 011,
the upper bound on #Pal(011) is attained.

The difference of the upper bound and the actual number of palindromic
factors is the palindromic defect of w, see [10]. It is denoted D(w). We have

D(w) = |w|+ 1−#Pal(w).

A basic property of the palindromic defect is that D(w) ≥ 0 for any w and
D(v) ≤ D(w) for any factor v of w. The properties of palindromic defect
allow for a natural extension to infinite words:

D(u) = sup{D(w) : w ∈ L(u)}.

One can say that it measures the number of “missing” palindromic factors in
the given word.

The language L(u) may possess more symmetries besides R. By a sym-
metry we mean an involutory antimorphism. In such a case, the notion of
palindromic defect may be generalized to the so-called G-palindromic defect
where G is a group generated by the present involutory antimorphisms that
fix the language, see [35, 36].

3 Fixed points of morphisms and their properties
Morphisms are an important tool as they allow to generate infinite words
and their languages. For instance, they are the main object in Lindenmayer
systems, or L-systems, which were originally proposed to model plant growth
(see for instance [43]).

A morphism ϕ is a mappingA∗ → B∗ whereA and B are alphabets such
that ∀v, w ∈ A∗ we have ϕ(vw) = ϕ(v)ϕ(w) (it is a homomorphism of the
monoids A∗ and B∗). Its action is extended to AN: if u = u0u1u2 . . . ∈ AN

with ui ∈ A, then

ϕ(u) = ϕ(u0)ϕ(u1)ϕ(u2) . . . ∈ BN.

If ϕ is an endomorphism ofA∗, we may find its fixed point, i.e., a word u
such that ϕ(u) = u. We are interested mainly in the case of u being infinite.
A morphism ϕ : A∗ → A∗ is primitive if for every a, b ∈ A there exists an
integer k such that b occurs in ϕk(a).

Two morphisms ϕ,ψ : A∗ → B∗ are conjugate if there exists a word
w ∈ B∗ such that

∀a ∈ A, ϕ(a)w = wψ(a) or ∀a ∈ A, wϕ(a) = ψ(a)w.
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If ϕ is primitive, then the languages of fixed points of ϕ and ψ are the same.
A morphism ψ : A∗ → B∗ is of class P if ψ(a) = ppa for all a ∈ A

where p and pa are both palindromes (possibly empty). A morphism ϕ is of
class P ′ if it is conjugate to a morphism of class P .

A morphism is uniform if the lengths of images of letters are the same.
The following examples illustrate the last few notions.

Example 2. Letϕ : {a, b}∗ → {a, b}∗ be determined byϕ :
a 7→ abab,
b 7→ aab.

The fixed point of ϕ is

u = lim
k→+∞

ϕk(a) = abab︸︷︷︸
ϕ(a)

aab︸︷︷︸
ϕ(b)

abab︸︷︷︸
ϕ(a)

aab︸︷︷︸
ϕ(b)

abab︸︷︷︸
ϕ(a)

. . .

The morphism ϕ is of class P ′ since it is conjugate to ψ given by ψ :
a 7→ abab,
b 7→ aba.

Indeed, we have abϕ(a) = ψ(a)ab and abϕ(b) = ψ(b)ab.

To see that ψ is of class P , i.e., it is of the form a 7→ ppa and b 7→ ppb, it
suffices to set p = aba, pa = b and pb = ε. The fixed point of ψ is

v = lim
k→+∞

ψk(a) = abab︸︷︷︸
ψ(a)

aba︸︷︷︸
ψ(b)

abab︸︷︷︸
ψ(a)

aba︸︷︷︸
ψ(b)

abab︸︷︷︸
ψ(a)

. . .

We have L(u) = L(v).
Since |ϕ(a)| 6= |ϕ(b)|, the morphism ϕ is not uniform.

Example 3. The two already mentioned famous examples of infinite words,
the Thue-Morse word t and the Fibonacci word f , are both fixed points of a
morphism.

The word t is fixed by the morphism ϕTM determined by ϕTM (0) = 01
and ϕTM (1) = 10. Note that this uniform morphism in fact has two fixed
points, one being the other one after replacing 0 with 1 and 1 with 0. The
word t as given above is the fixed points starting in 0.

The word f is fixed by the morphism ϕF defined by ϕF (0) = 01 and
ϕF (1) = 0.

An (infinite) fixed point of a morphism of class P ′ clearly contains in-
finitely many palindromes which is one motivation for this notion. Class P is
introduced in [20] in the context of discrete Schrödinger operators.
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4 The study of palindromic defect

4.1 Characterizations of words with finite defect
We start by giving some of the known characterizations of words having finite
palindromic defect.

Theorem 4. For an infinite word u with language closed under reversal the
following statements are equivalent:

1. D(u) is finite ([10]);

2. there exists an integer P such that any prefix of u longer than P has a
unioccurrent longest palindromic suffix ([16, 2]);

3. there exists an integer N such that for any palindromic factor of u
having length at leastN , every its complete return word is a palindrome
([2, 35]);

4. there exists an integer N such that for any factor w of u having length
at leastN , every factor of u that contains w only as its prefix and R(w)
only as its suffix is a palindrome ([2, 35]);

5. there exists an integerN such that for each n ≥ N we have C(n+1)−
C(n) + 2 = P(n) + P(n+ 1) ([3]).

Sturmian words have palindromic defect equal to 0. It follows for instance
for that fact that property 5 of the last theorem is satisfied for N = 0.

The following property is conjectured in [11] and shown in [3].

Theorem 5. Let u be an infinite word with language closed under reversal.
We have

∑+∞
n=0 (Cu(n+ 1) + Cu(n) + 2− Pu(n+ 1)− Pu(n)) = 2D(u).

Besides these general properties, many examples of words with zero or
finite palindromic defect were found:

• In [36, 13], another characterizations of words with zero palindromic
defect are given.
• In [12], the relation of words with zero palindromic defect to so-called

periodic-like words is exhibited.
• Links to another class of words, trapezoidal words, are shown in [15].
• The number of all words with zero palindromic defect of a given length

and other properties are investigated in [48, 18].
• Words coding symmetric interval exchange transformations have zero

palindromic defect by [1].
• In [9], the authors show that words coding rotation on the unit circle with

respect to partition consisting of two intervals have zero palindromic
defect.
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• In [40], the author show a connection of words having zero palindromic
defect with Burrows–Wheeler transform.
• In [45], we show that morphic images of episturmian words, a know

class of words with zero palindromic defect, produces a word with finite
palindromic defect.
• The articles [44, 21, 37] exhibit more examples of words with finite

palindromic defect (along with some examples of words with finite
generalized palindromic defect).

4.2 Zero defect conjecture
We now focus on words that are fixed by a morphism with the assumption that
their language is closed under reversal. The main motivation to study their
palindromic defect is the following conjecture.

Conjecture 6 (Zero defect conjecture [8]). Let u be an aperiodic fixed point
of a primitive morphism having its language closed under reversal. We have
D(u) = 0 or D(u) = +∞.

The Thue–Morse word t and the Fibonacci word f are examples of ape-
riodic fixed points of a primitive morphism (see Example 3) having their
language closed under reversal. We have D(f) = 0 and D(t) = +∞.

Counterexamples to the conjecture were given in [14, 4]. Thus, the current
statement of the conjecture is not true. However, there still might some
refinement of the current statement that is valid as there are many witnesses
and the found counterexamples seem to have some specific properties. Indeed,
in [27] we prove that the conjecture is true for a special class of morphisms. A
morphism ϕ is marked if there exists two morphisms ϕ1 and ϕ2, both being
conjugate to ϕ, such that

{last letter of ϕ1(a) : a ∈ A} = {first letter of ϕ2(a) : a ∈ A} = A.

In other words, the set of the last letters of the images of letters by ϕ1 is the
whole alphabet A and the set of the first letters of the images of letters by ϕ2

is also the whole alphabet A.
For instance,ϕ = ϕTM : 0 7→ 01, 1 7→ 10 is marked (hereϕ = ϕ1 = ϕ2).

For ϕ = ϕF : 0 7→ 01, 1 7→ 0 we have ϕ = ϕ1 and ϕ2 : 0 7→ 10, 1 7→ 0.
Thus, ϕF is also marked.

In [27] we show the following theorems:

Theorem 7. Let ϕ be a primitive marked morphism and let u be its fixed point
with finite palindromic defect. If all complete return words of all letters in u
are palindromes or ϕ is conjugate to a morphism distinct from ϕ itself, then
D(u) = 0.
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In fact, any non-trivial morphism on binary alphabet is marked. Moreover,
the binary alphabet allows for all of the assumptions to be dropped:

Theorem 8. If u ∈ AN is a fixed point of a primitive morphism over binary
alphabet and D(u) < +∞, then D(u) = 0 or u is periodic.

We thus confirm that for a large class of fixed points of morphisms, their
palindromic defect is either zero or infinite.

Let us outline the proof of Theorem 7:

1. We proceed by contradiction and assume that u has finite nonzero
palindromic defect and is not periodic.

2. Under these assumptions, we show that there exists a non-empty factor
q with a specific property: a graph1 describing the extensions of q in
L(u) contains a cycle ([27, Theorem 26]).

3. Using the results of [24, 26] and the fact that the morphism is marked,
we find an infinite sequence of factors having the same property as the
factor q.

4. Based on the results of [3], we show that a word with finite palindromic
defect may have only finitely many factors with the same property as
the factors q.

Let us comment on the assumptions of Theorem 7. The case which does
not satisfy the assumptions, i.e., the case of primitive marked morphisms such
that the morphism is only conjugate to itself and its fixed point u contains a
non-palindromic complete return word to a letter, remains an open question.
In this case, we obtain the empty word as the factor q from the above proof
outline. Consequently, the method of step 3 does not yield infinitely many
factors (it repeatedly yields q = ε). Thus, the proof is not applicable to this
case and probably it is not easily extendable to it.

4.3 Related results and applications
The mentioned proof of Theorem 7 reveals the most intrinsic role of palin-
dromic defect in the investigation of fixed points of morphisms. The connec-
tion links the symmetries of the investigated language of a fixed point, that is,
in our case, its closedness under reversal, with the property of having infinitely
many palindromic factors.

One direction of this connections is trivial: If a fixed point of a primitive
morphism contains infinitely many palindromes, then its language is closed
under reversal. The non-trivial converse is shown in [26] for marked mor-
phisms. The authors of the mentioned article tackle the following conjecture:

1We omit the exact definition in the proof sketch, see [27] for a definition.
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Conjecture 9 (Class P conjecture [20]). Let u be a fixed point of a primitive
morphism ϕ containing infinitely many palindromic factors. There exists a
morphism of class P ′ such that its fixed point has the same language as u.

The original statement of the conjecture in [20] is ambiguous and allows
for more interpretations, see also [26] or [19]. The above given statement of
Conjecture 9 follows from two results. First, for binary alphabet the question is
solved in [47]: if a fixed point of a primitive morphismϕ over a binary alphabet
contains infinitely many palindromes, then ϕ or ϕ2 is of class P ′. Second, in
[25], the author shows that if we restrict ourselves just to infinite words, not
more general languages of fixed points, the answer is negative: there exists a
word w over ternary alphabet which is a fixed point of a primitive morphism,
containing infinitely many palindromic factors, and not being fixed by any
morphism of class P ′. However, the authors of [19] note that the language of
the word w may indeed be generated by a morphism of class P .

At this moment only partial answers to Conjecture 9 are known: as already
mentioned, the binary case is solved ([47]); for larger alphabets an affirmative
answer is provided only for some special classes of morphisms.

In [32], we confirm the conjecture for morphisms fixing a codings a non-
degenerate exchange of 3 intervals. In [26], the authors prove the validity
of the conjecture for marked morphisms. Moreover, the author show that a
power of the marked morphism itself is in class P ′. The technique and results
used in the proofs of the latter fact is crucial in showing the defect conjecture
for marked morphisms in [27].

The mentioned results lead to the formulation of the following conjecture.

Conjecture 10. Let ϕ : A∗ → A∗ be a primitive morphism having a fixed
point u. Its language L(u) is closed under reversal if and only if it contains
infinitely many palindromic factors.

As stated above, the conjecture is true for marked primitive morphisms.
A proof in full generality of this conjecture has applications in algorithmic
analysis of the language of a given morphism. Specifically, it allows for an
efficient test whether the language of a fixed point is closed under reversal. For
marked morphisms, such an algorithm may be devised based on the already
mentioned results of [26]: it suffices to check whether a given power of
the marked morphism in question is in class P ′. Moreover, the algorithm is
efficient as for a marked morphism its correct power may be easily determined
and checking if it is in class P ′ is a straightforward task. Thus, in the general
case, the last conjecture is a first step to provide an efficient test for any
primitive morphism.
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