Ceské vysoké uceni technické v Praze

Fakulta jadernd a fyzikalné inzenyrska

Czech Technical University in Prague

Faculty of Nuclear Sciences and Physical Engineering

Ing. Jiri Hrivnak, Ph.D.

Fourierovy—Weylovy transformace a jejich aplikace

Fourier—Weyl Transforms and Their Applications



Summary

Symmetries of physical systems are essential for construction and mathema-
tization of the related physical theories and models. The classical theory of
Lie algebras and their Weyl groups establishes a connection between group
theory and modern physics. Multivariate exponential functions associated to
crystallographic root systems of complex simple Lie algebras and their cor-
responding affine Weyl groups constitute a standard segment of Lie theory
and its application in mathematical physics. As signed sums of the multi-
variate exponential functions, the complex-valued Weyl orbit functions and
real-valued Hartley orbit functions represent generalizations of the classical
trigonometric functions. The set of multivariate generalizations of the cosine
and sine functions is further enriched using the concept of sign homomor-
phisms. The Fourier—Weyl and Hartley—Weyl discrete transforms incorporate
kernels of the Weyl and Hartley orbit functions, respectively, and are con-
structed on finite fragments of the Weyl group invariant lattices. The weight
lattice Fourier—Weyl transforms are linked to the dual Kac—Walton formulas
and to the Kac—Peterson matrices in conformal field theory. Subtraction of
the weight and root lattice Hartley—Weyl transforms for the Ay case gener-
ates the honeycomb lattice transforms that are applied to vibrations of the
mechanical graphene model.



Souhrn

Symetrie fyzikadlnich systému jsou zasadni pro konstrukci a matematizaci
odpovidajicich fyzikalnich teoril a modelt. Klasicka teorie Lieovych algeber
a jejich Weylovych grup uréuje spojeni mezi teorii grup a moderni fyzikou.
Exponencidlni funkce vice proménnych piislusejici krystalografickym kote-
novym systémtm komplexnich Lieovych algeber a jejich afinnich Weylovych
grup tvori standardni ¢ast Lieovy teorie a jeji aplikace v matematické fy-
zice. Vytvoreny jako sumy se znaménky exponencidlnich funkeci vice promén-
nych, komplexni Weylovy orbitové funkce a realné Hartleyho orbitové funkce
predstavuji zobecnéni klasickych trigonometrickych funkci. Soubor zobec-
nénych cosind a sinti je dale obohacen uzitim konceptu znaménkovych ho-
momorfismi. Fourierovy—Weylovy a Hartleyovy—Weylovy diskrétni transfor-
mace, obsahujici Weylovy a Hartleyho orbitové funkce, jsou zkonstruovany
na kone¢nych fragmentech miizi, které jsou invariantni viaci Weylovym
grupam. Fourierovy—Weylovy transformace na vahovych mfizich jsou dany
do souvislosti s dualnimi Kacovymi—Weylovymi formulemi a Kacovymi-
Petersonovymi maticemi z konformni teorie pole. Odeéteni Hartleyovych—
Weylovych vahovych a kofenovych transformaci algebry As generuje trans-
formace na plastvové mrizce, které jsou aplikovany na vibrace mechanického
modelu grafénu.
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1 Introduction

Continuous and discrete symmetries of physical systems are fundamental for
construction and mathematization of the related physical theories and mod-
els. Group theory forms a central part of mathematical description and anal-
ysis of the inherent symmetries. The classical theory of Lie groups and Lie
algebras establishes an essential connection between group theory and mod-
ern physics. Multivariate exponential functions associated to crystallographic
root systems of complex simple Lie algebras and their corresponding affine
Weyl groups constitute a standard segment of Lie theory and its application
in mathematical physics [1,13]. The Weyl orbit functions are embedded in
conformal field theory [4] and appear implicitly in solid state physics [17].

The Weyl orbit functions represent multivariate generalizations of the
classical trigonometric functions [1,13]. Symmetric sums of exponential func-
tions, directly connected to multivariate versions of Chebyshev polynomi-
als [1], are named C—functions in [15, 16] and serve as generalizations of
the cosine function. Antisymmetric S—functions from the Weyl character
formula lead to generalizations of the sine function. Symmetry and antisym-
metry properties of the C'— and S—functions with respect to their inherent
Weyl groups together with the translation invariance by shifts from the dual
root lattice permit restrictions of these functions to the fundamental domains
of their affine Weyl groups [13]. The fundamental domains in the form of the
Weyl alcoves constitute generalizations of the one-dimensional interval as do-
main for the classical cosine and sine functions [13]. The dual root system
and the dual affine Weyl group first appear in the description of the labels
of the C— and S—functions and the corresponding fully explicit form of the
dual weight-lattice Fourier—Weyl transforms [10]. The boundary behavior
of the hybrid orbit functions with respect to both point and label domains
results in the corresponding hybrid Fourier—Weyl transforms in [9].

Conformal field theories with the Lie group symmetry regularly utilize
the antisymmetric Weyl orbit functions and their discrete weight lattice
Fourier—Weyl transforms [4,19]. A correspondence between the dual weight
discretization of Weyl orbit functions and affine modular data associated with
conformal field theories is developed in [11]. Products of the discretized orbit
functions are analogous with truncations of tensor products which determine
interactions in the conformal field models. A significant tool for description
of the tensor products, which leads to an efficient algorithm for calculation
of the fusion coefficients, is the Kac-Walton formula [4]. The generalization
of the Kac-Walton formula for the dual weight lattice Fourier-Weyl trans-
forms from [10] and the related Galois symmetries are developed in [11].
Three additional generalizations of the Kac—Peterson unitary and symmetric
S—matrices resulting from the symmetric and hybrid Weyl orbit functions are
constructed in [12]. Apart from conformal field theory, the Fourier—Weyl and
Hartley—Weyl transforms found also direct applications to eigenvibrations of
mechanical models in solid state physics.



The 2D and 3D mechanical vibration models based on the Fourier—Weyl
transforms retain Weyl group symmetries and determine vibrations of the
Weyl group invariant lattices. General cases of the mechanical vibration
models in solid state physics constitute fundamental stepping stones for their
quantum field versions [5]. Dispersion relations of these models are system-
atically derived in solid state physics assuming solutions in exponential form
while imposing periodic Born—-von Kirméan boundary conditions. The Hart-
ley orbit functions represent multidimensional generalizations of the cosine
and sine standing waves solutions of the one-dimensional beaded string sub-
jected to Neumann and Dirichlet conditions, respectively. The spectral analy-
sis of initial conditions provided by the Hartley—Weyl transforms enables cal-
culation of time evolving exact solutions of the mechanical models. A special
case of such mechanical models, the mechanical graphene model [3], is cur-
rently intensively investigated [14] in connection with the relevant graphene
material [5]. Transversal eigenvibrations of the equilateral triangular sheets
of the mechanical graphene and the wave functions of the quantum parti-
cle on the same triangular honeycomb point set [17] are determined by the
honeycomb Hartley and Weyl orbit functions from [7].

2 Affine Weyl groups

To each complex simple Lie algebra from the four infinite series and the five
exceptional cases corresponds the set of vectors A = {a1,...,a,} C R", that
are called simple roots [1]. Each set of simple roots A constitutes a non-
orthogonal basis of the Fuclidean space R™ with the standard scalar product
(+,-). There are two types of the sets of simple roots A. The first type of A
consists of the roots of one length only and comprises the series A, (n > 1),
D, (n > 4) and three special cases Fg, F7, Es. The second type contains
roots with two different lengths and is represented by the series B, (n > 3),
Cp (n > 2) and two exceptional cases Fy, Go. For the cases of A with two
different root-lengths, the set A is disjointly decomposed into a set Ag of
short simple roots and a set A; of long simple roots,

A=A;UA,. (1)

Every simple root «; € A induces a reflection r; and the set of reflections
ri, 1 € {1,...,n} generates a finite Weyl group W of orthogonal operators.
Action of the Weyl group W on the set A generates the root system II,
IT = WA. The current notion of the root system coincides with a more general
notion of root systems from the theory of Coxeter groups, the root systems
corresponding to the complex simple Lie algebras are called irreducible and
crystallographic [13].

The highest root ¢ € II is expressed as a linear combination of the sim-
ple roots & = myay + - -+ + mpay,, with non-negative integer coefficients



mi,...,my € N. The numbers ¢1,...,q, € N associated to the marks via
relation

m; (o,
qi:1<2“z>, ie{l,...,n}, (2)
are called the comarks. A circle inversion of simple roots a; € A, o) =
20;/ (i, o), leads to a set of the vectors AY = {ay, ..., } that is also a

set of simple roots of some complex simple Lie algebra. The set AV generates
the entire dual root system via action of the Weyl group, IIV = WAV.

There are four classical Weyl group invariant lattices: the root lattice,
the dual weight lattice, the dual root lattice and the weight lattice. The root
lattice @ is the integer span of the set of simple roots A,

Q=%Zay+ -+ Zay,.
The dual weight lattice PV is Z—dual to the root lattice Q,
PV =Zw) + -+ 2w,

where the vectors w,)’ are called the dual fundamental weights and are deter-
mined by the duality formula, (w)’, o) = 6;;. The dual root lattice QV is the
integer span of the set of dual simple roots AV,

QY =7Zaj + -+ Za,.
The weight lattice P is Z—dual to the dual root lattice QV,
P =Zwi + -+ Zwn, (3)

where the vectors w; are called the fundamental weights and are determined

by the duality formula, (w;, ) = d;;. The cone of the dominant weights is

J
given as
P, =722% + -+ 22%,. (4)

The Gram determinant d of the aV-basis determines the order of the
quotient group P/QV,

d = det(a), o) = |P/Q"]. (5)

The group of shifts QV generates the affine Weyl group W2 expressed
as the semidirect product,

Wt = QY x W, (6)



that induces the retraction homomorphism  : W% — W. The group of

shifts () generates the dual affine Weyl group Wt expressed as the semidirect
product,

T=Qxw, (7)

that induces the dual retraction homomorphism 1Z c WA

The augmented dual affine Weyl group Wﬁf is defined for any scaling
factor M € N by relation

Wl = MQ x W. (8)

Any homomorphism o : W +— {£1} is called a sign homomorphism [9].
The identity 1 and the determinant o€ sign homomorphisms, which exist for
all Weyl groups W, are given on the generating reflections r;, a; € A as

l(?“z‘) :1,
0'6(7“,'): — 1.

For the root systems with two lengths of roots, the short and long sign
homomorphisms o* and ¢! are defined via decomposition (1) as

05(”) _ { -1, a; € Ag,

17 aiG‘Ab
oy ) —L o €Ay
A ={ b mER

Defining the product - of the sign homomorphisms pointwise [6], the resulting
two-element and four-element abelian groups are isomorphic to Zy and the
Klein four-group, respectively.

The fundamental domains F' and F'V consist of exactly one point of each

waf— and I//I\/aff—orbits, respectively. The order of the isotropy subgroup
Stabyyaa (@) of any point a € R™, defines for any M € N a counting function
har : R™ — N and a counting function € : R —+ N by

W
hl(a)‘

The signed fundamental domain F7 C F is given as

har(a ‘Stabwaff (%)

, ela) = (9)

={a € F|o oy (Stabyas(a)) = {1}}

and the signed dual fundamental domain F°V C FV is given as
FoV = {GGFV‘UOw(StadeH( ) :{1}}. (10)
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3 Fourier—Weyl Transforms

The first major contribution of the author to the field of multivariate discrete
Fourier transforms is presented in paper [10], where the two standard cases
of discrete dual weight lattice Fourier-Weyl transforms of C'—functions and
S—functions are developed. These two basic transforms are generalized to all
four sign homomorphisms in [9]. The Fourier-Weyl weight lattice transform
and its link to the Kac—Peterson matrices from conformal field theory is
developed in [12].

Two families of complex orbit functions ¢f : R"” — C for any root system
together with two additional families for the systems with two root-lengths
are labeled by the labels b € R™ and determined by the sign homomorphisms
o via signed symmetrization of exponential functions over the Weyl group

w,
pp(a) = o(w)e*™ b g e R (11)
weW

Using the Hartley kernel functions [2] of the form casa = cosa + sina, the
real-valued Hartley orbit functions, introduced in [6-8], are given by

(F(a)= > o(w)cas2m(wb, a), acR" (12)
weW

For any w™ € W2 and a € R™ the argument symmetry of Weyl orbit
functions is of the form

of (wa) = o o p(w™) - o} (a). (13)

Besides the argument symmetry (13) of the four types of orbit functions ¢,
valid for any labels b € P, a different type of label symmetry is induced by
restricting the points to the refined weight lattice. For a point a € ﬁP,

M € N together with any w®® € W& and b € R™, the label symmetry of
orbit functions is of the form

Prru( (@) = 70 V(™) - 7 ). (14

Discrete values of both points a € ﬁP and labels b € P of the orbit functions
¢ (a) are due to the argument symmetries restricted to the set of points F'p, ,

1
Fpuy=—PNF° 15
PM = 37 ) (15)
and due to the label symmetries restricted to the set of labels A‘I’% Mo

%y =PNMF. (16)
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Relation (38) in [12] states that the cardinalities of the sets of labels and the
sets of points coincide for each case,

APl = [F2 -

The vector space Fp ), of complex functions f : F,, — C is equipped

with a scalar product containing as weight the counting function (9). This
weight lattice weighted scalar product is of the following form for any f,g €
Fpas

(f 9rg, = D ela)f(a)g(a). (17)

o
a€FP o

The orthogonality relations of weight lattice discretized orbit functions in
the Hilbert space F§,, are summarized in Theorem 4.5 in [12]. Using the

numbers (5) and counting functions (9), the orthogonality relations are for
any labels b,b" € A%y of the form

(b Pp)rg,, = AWM hpr () opp- (18)

The forward weight lattice Fourier—Weyl transform calculates for any
function f € Fp,, its spectral transform f : A%, — C by prescribing
for any b € A ), the value

FO) =@ W[ M hpr(9) ™ D" ela)f(a)¢f(a). (19)

o
aclg o

Due to the orthogonality relations (18), the backward weight lattice Fourier—
Weyl transform returns the original function f € 73 ,,,

fla)= > Fb)gi(a), a€Fgy. (20)

bEAD o

The symmetric generalized Kac—Peterson matrices Sj\"#, A€ A%k g
determined by their entries

[11]
= —p
. i2 S (,an)
W
P VA + ) s g (W iy g (1)
are unitary due to the orthogonality relations (18). Note that the relations

M = k + q°, depending on the comarks (2) and their signed version given
by relation (39) in [12], are substituted for the number M into (18). The

matrices SK;L coincide with the standard Kac—Peterson S—matrices [4].

, (21)
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4 Modified Multiplication and Honeycomb Trans-
forms

The contribution of the author to this field is demonstrated in paper [11],
where the multiplication formulas and their modification, together with their
Galois symmetry, are presented. The generalization of the discrete Fourier—
Weyl and Hartley—Weyl transforms to honeycomb lattice, including the in-
terpolation tests, is presented in [7].

Products of two types of orbit functions ¢§ and goij are decomposed into
the sums of orbit functions,

D3 e5 =Y o' (w) e (22)
weW

and products of orbit functions ¢ (a) and cp‘/{/(a’ ) are decomposed as

P3(a) S (a) = Y o' (w) 7 (a + wd'). (23)
weW

Besides the modified multiplication, these general product-to-sum decompo-

sition formulas (22) and (23) are crucial for vibrations models with Neumann

and Dirichlet boundary conditions.

The product decomposition formulas (22) from [11] of the C—functions
are further expressed in the form,

pi(a)ph(a) = > (ClCC), ©i(a) (24)
veP,

for all dominant weights A\, u € P..

For the weights from the finite set of labels \,u € PN MF*W and the
points from the refined dual weight point sets a € PY/M N F*, the modified
multiplication product decomposition formulas are of the form

P epla) = Y (CICC), ¢ila). (25)
Z/EPj_w

The relations between the decomposition coefficients form the dual weight
Kac—Walton formulas,

W(CI0Cs, = 3 (cleayyy. )
wE/VV]?/IH

A specific subtractive contruction of the honeycomb lattice in terms of
the invariant root and weight lattices of the root system As is considered

12



in [7]. The point set Fg ps is the intersection of the fundamental domain F
with the root lattice,

Fou=3QNF. (27)

The honeycomb point set Hjy; is obtained from the point set F}%’ a by sub-
traction of Fg p,

Hay = Fhoy \ Four (28)

The weight set Ap,, is of the following explicit form,
Apar ={Awi 4+ Aawa [ Ao, A, A2 € Z70 Ao+ A+ Ao = M},
and the points from A}% s are described by their Kac coordinates as
A= [Ao, A1, Ao] € Ap (29)

The action of the group I'yy = {1,71, 72} on a weight [\, A1, A2] € A,
is the cyclic permutation group action on the coordinates [Ag, A1, Az],

1[N0, A1, A2] =[Xo, A1, A2,
Y1 [A0s A1, A2] =[A2, Ao, A1,
Y2[A0s A1, A2] =[A1, A2, Ao

The honeycomb weight set Ljs is given explicitly as,
Ly = {[/\0,)\1,/\2] € A}:’,M ’ (Ao > A, Ag > /\2) V ()\0 =A > Az)} .

Propositions 3.3 and 3.4 in [7] relate the numbers of points and weights in
the honeycomb sets as

\Ly| =5 |Hul .-

The honeycomb weight sets Lg and L7 are depicted in Figure 3 in [7].
The extended C'—functions are for a fixed M € N labeled by A € L and
introduced by

4,0 4.1 +.2
Y () = py "X (@) 4+ py @A (@) + ) @l (),

-0 -1 -2
ox (@) + iy en A (@) + py Ten, (@),

30
P () = py .

13



where ,uf’o, uf’l, ,uf’2 € C denote for each A € Ljs six extension coefficients.

The extension coefficients ,uf’k given by

0 =Re{(3+V3i)ek (%)},
=0, (31)
i =Re{ (8- V3R (31} £3]¢d (511

induce the normalization functions of the following form [7],

=) = 9]¢k (3] (216 (9| 2 Re {1 = VB (31)}) - (32

The vector space Hjys of complex functions f : Hy; — C is equipped
with a scalar product containing the counting weight function (9). This
honeycomb scalar product is of the following form for any f,g € Hyy,

(f, )i = Y ela)f(a)g(a). (33)
ac€Hyy
The orthogonality relations of honeycomb C'—functions in the Hilbert space

Hps are summarized in Theorem 5.1 in [7]. Using the functions (9), the
orthogonality relations are for any labels A\, \" € Ly, of the form

<¢)f’ (I)izd>sz1 = 12M2hM()‘>Mi()\)5AA’a (34)
(@, ®3) iy, = 0. (35)

The forward honeycomb Fourier—Weyl C—transform calculates for any

f € Hpy its spectral transforms fi : Lyr — C by prescribing for any A € Ly
the value

FEO) =(20%h (N (N) ™ D e(a) f(a) @3 (a). (36)

a€H

The backward honeycomb Fourier-Weyl C'—transform returns the original
function f € Hyy,

f@y =3 (FFei@ + F- o5 @), aeHy.  (37)

)\EL]\/[

The honeycomb Hartley C'—functions Cahf are straightforward modifi-
cation of the honeycomb functions (30) that contain the Hartley orbit func-
tions (12). The orthogonality relations of honeycomb Hartley C'—functions
are summarized in Theorems 5.2 and 5.3 in [7], respectively. The forward
and backward honeycomb Fourier—Weyl and Hartley—Weyl transforms are of
similar forms.

14
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Figure 1: Lower transversal Hartley modes of the Ay armchair mechanical graphene
vibration model X;\—L, A € Ly satisfying Neumann boundary conditions. The full set
of transversal modes of Hso contains 2|Lgg| = 330 elements.

5 Transversal Vibration Models

Application of the multiplication formulas and Fourier—Weyl transforms in
solid state physics are demonstrated on the transversal vibration models of 2D
lattices with Neumann boundary conditions. The transversal As armchair
mechanical graphene vibration model is for the case M = 6 depicted in
Figure 2 from [7]. The dots of the point set Hjs represent the points of
masses m and the equilibrium distance between the two nearest points is
denoted by Ry. The honeycomb dots are linked with the nearest neighbours
by the springs of spring constants x and natural lengths ly. The parameter
1 =lp/Ro, n < 1 measures the level of stretching of the system.

Transverse displacement scalar function is denoted as ¥(a) = v¥(a,t),
a € Hyr, where t represents time. The linearized equation of motion for
transversal displacement of any general point a = ajw; + agws = (a1, a2) €
Hj; is simplified via assuming a solution of the mode form

Y(a,t) = X(a)cos(wt + ). (38)

The extension coefficients (31) determine honeycomb Hartley C'—functions
of type II in [7], which are denoted by Cahf, A € Lys. Type IT honeycomb

C'—functions represent amplitudes of the transversal modes (38) of the model
subjected to discretized Neumann boundary conditions,

X/\i(a) = Cahf(a), a€ Hy, XeLy.
Several lower transversal Hartley modes of the transversal As armchair me-

chanical graphene vibration model are for Neumann and Dirichlet boundary
conditions depicted in Figures 1 and 2, respectively.
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Figure 2: Lower transversal Hartley modes of the Ay armchair mechanical graphene
vibration model satisfying Dirichlet boundary conditions. The full set of transversal
modes of contains 270 elements.

The eigenfrequencies wf corresponding to the modes X/\i, A € Ly are

given as
+ k(1 —mn) 1 w1
ot = 22 (s ]t (2)])

Spectral analysis of any fixed initial positions and velocities

¥(a,0) = vo(a), ¥(a,0) = Vo(a),
yields via the Hartley version of the forward honeycomb Fourier—Weyl

C—transform (36) of type II from [7] the spectral functions &g’i, ‘A/Oc’i,

D5 () =(12M 2Ry (N pEN) T Y ela)o(a) X5 (a),

ac€Hyy
V= () =(2M2ha (V)™ D7 e(a)Vola) X5 (a).
a€H s

___For the Neumann bgundary conditions, the additional requirements
wg’_([M,0,0]) = 0 and VOC’_([M,O,O]) = 0 eliminate the translation mode
and the resulting solution is of the form
~ VEatoy
P(a,t) = Z ( SJ”L()\) cos(wy t) + Ouﬁ()sm(w;to X (a)
AeLy A
o, V™ (A
+ Z (1/1(?’ (A) cos(wy t) + 07_() sin(wit)) X5 (a).

w
XEL\[M,0,0] A
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6 Conclusions

The discrete Fourier-Weyl transforms on finite fragments of the Weyl group
invariant lattices are explicitly described in general forms in author’s publi-
cations [7,10,12]. Boundary layouts of the point sets are for each root system
dictated by the action of the sign homomorphisms on the generating reflec-
tions of the affine Weyl group. Besides the honeycomb lattice case, the point
sets underlying in the discrete Fourier-Weyl transforms considered here are
taken as finite subsets of the weight lattices. The root lattice discrete trans-
forms [8] induce jointly with the weight lattice transforms fundamentally
novel options for transforms on composed grids. The presented honeycomb
lattice case, generated as subtraction of weight and root lattices of the root
system As [7], represents this approach for 2D lattices.

The completeness of the discretely orthogonal sets of the Weyl orbit func-
tions in the finite-dimensional Hilbert spaces is guaranteed by coinciding
cardinalities of the point and label sets [7,10,12]. A general algorithm for
deriving the specific counting formulas for cardinalities of the point and label
sets, which correspond to the dimensions of the functional Hilbert spaces,
is developed in [10]. Further generalization of the algorithm for deriving
counting formulas from [10] is applied for calculation of affine fusion tadpoles
in conformal field theory [18]. The discretized versions of product-to-sum
decomposition formulas lead to the dual weight lattice generalization of the
Kac-Walton formula [11].

The properties of the unitary and symmetric Kac—Peterson matrices to-
gether with the affine fusion rules and Kac—Walton formulas [4] from confor-
mal field theory motivated the development of the weight lattice discretiza-
tion of Weyl orbit functions in [12]. The common argument and label sym-
metries of the weight lattice transforms, dictated by the affine Weyl groups,
yield four types of unitary and symietric generalizations of the Kac—Peterson
matrices. The forms and physical significance of the generalized Kac-Walton
formulas and Kac—Peterson matrices for all ten types of weight lattice dis-
cretized Weyl orbit functions need to be further investigated.

The Weyl orbit functions represent solutions of the mechanical vibration
models constrained by Dirichlet, Neumann or mixed boundary conditions on
the fundamental domain of the affine Weyl group. The discrete Fourier—Weyl
and Hartley-Weyl transforms provide spectral analysis of given initial con-
ditions and determine the explicit solutions. A significant advantage of the
current symmetry approach for the honeycomb lattice [7] lies in the form of
the resulting functions. Each solution is determined by a single Hartley hon-
eycomb orbit function, whereas the standard approach yields two different
functional descriptions, one for each congruence class of the honeycomb lat-
tice [3,14,17]. Moreover, permitting an efficient interpolation [7], the honey-
comb Fourier-Weyl and Hartley-Weyl C'— and S—transforms thus represent
suitable generalizations of the standard discrete cosine and sine transforms
to the honeycomb lattice.
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