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Report on dr. Jiří Hrivnák's Habilitation Thesis
MUITIVARIATE FOURIER_WEYL TRANSFORMS AND

THEIR APPIICATIONS
T}re thesis consists of four chapters, irrtrodrtctiorr anci conclrrsion il,s well rr.s tlre

list of referenr:es rind irrc]uclccl articies. The content of the thesis is base<l on the nine
pa,pers) prrblished (except for one of tlrern) in prorrrirrent pirvsical jourrra,ls ",Journal
of \,'1athenratka1 Plrysicsór |'.Journal oí]Phvsics A: ]\,,1atlrenratical arrd Theoreticai||.
According to tlre srrbject of this tltesis, Iet rne divide the report, in two parts: (i)
ttralltetnatical results arrd (ii) tlpplications,

(i) In geueral the tnatlrenratica} part of tlrt-l thesis concerrr§ harrrtonic anirlysis
reiateci to the afline \Ť-eyl gloup§ tr,l'nř ry QV x iI' a,rrd the <lrra.l rrfíirre We},l
groups Íř*o o Q N l1' which are isontorphic to tlre senriclirect produr:ts of
the \Vev} sroup ltr' ,w,ith the root lattice Q : Z*, + ,-. + Zn,,, and the clua]
rOot ]attice Q": Z*! *,..*V,a|,, respectivelv, \l,}teťe ť}1,....{},l are sirnple:
roots and *Y : trrrlial,tr1),..,.fi): :2t,l,,,/ (ci,.n,,) arc ciual simple rciots of
respective cogplex simple Lie algebra, The rescaled by Á1 € N clrrai aífirte
W-eyl group ttr,',iť : (nď8) x 1,1f is also considerecl.

As tlre kerriels of Fourier-\\ieyl transťorms (terrnirrology taken fronr [Al-A,l,
A9]) are used

o"(n.}) = r;rfl(n) ,= 
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o(ilr)c,:2"i(u'č""),
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ancl

C" k,b) = (í(a) ,* r o(ur)cas2n(tlb, a). (2)
v:€ I,t'

where a, ó e ]R". (jás í :: cos .r * sin t attc] cr : |4: -+ Z,2 ís & 8Totlp lromottror-
phism, choscn separately íbr tlre ínvestigaterl srrbceuse. The l{,"-invat,ian<;e of
ry'', and {" as well a^s the 2nri*periodicity of the exponential furrctiotr ancl the
2n-peririciicily of the cas frrnctiott irrrpl-v that tlie kernels (1) and (2), after
restriction to tlre tr,ť"ť x ff"tr-inuariant net

#'n'+ Pu) x (p+ p) c R," x lR"
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arld l41aff x ýť'"f -inr.,ariarlt net

lo*pcR"x]R", (4)
_11

(í'or clefinitions of (3) anrl (4) see (1.5), (1.8) anct (1.9) in tlre thesis) are c]eter-

ninerl bv their values on the firrite subneís

Fír(p,gu) x Áír(p, pV) c ]R' x R'. (5)

arr11

Fí,.u xAF.r,, C ]R" x IR". (6)

respectivel;,. For definition oť (5) and (6) see (2.8), (2,9) and (4.11), (a.12) in

the tlresis,

The alrove a]lows one to c]efine the r,veightecl sr:alar prorlucts

(J.9)"r.rn.o"t:' {a)f(a)rlft),
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irnd
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wlrere g is a weight íhnctitltt, for its deíirrition see (1.28), an<l shorvs that the

followirrg tlrthogcrna"lity reitrtions for ói are satisfiecl

|ó[, ói,,) ri,t1,Qu} : c |t4/| ,{'í'ii! 1(b\ 6n.t,, , (9)

errrd

(Óí , Ó?,,} ,'7,r, : rl l 
l,'Ii l Xí" h, y (b) h61, , (10)

see (2.15) ancl (4.16), One of tlre personal contribrrtion of dr. Jiří }Irivnák is

íiridirrg tlre explicit forms of tlre sets Afio(p, pV) and Af,,o,. arrd t;he nortnalizatirrrr

coefiicients in the right-han<l side tlf (9) anct (10).

In consequence, fron^(9) arr<i (10) follows tlre possilrilit1, 1u tiefine for .f ;

Fíl(p, pý) -} C antl ./ , Aí.r(p,gu) -+ C as weil as fbr .f , Fí,,u -+ C arr<l

i, A?rnn -+ C the forwar<l and bar:krvard Forrrier transforms:

ilt 1 :1r,llťl &í"hxl(ó))-i 
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Tlrese tlatrsfeirms a,I,e invesťigatecl irr cletails irr the irrclrrdeil series cif papels,
wlrere rnan_v inrportant for appiications exanrples are preserrted also, Tlre nrost
irrterestirrg resrr]ts concerniug the presented trarrsfolnts ž}re rrretrtioned in the
tlreorems ancl propositiorrs listed irr tlre iritrcldrrctiorr to the thesis,

In the papers [A5, A6] the ca^se of tlie pennrrtation 8Tollp lí./ § S" is investiga-
tetl in cletail, T]re nrost interesting parts of t}rese papers concerrr$ mriltivariable
generalization of Chebyshev pol"vnrrrniais rlefined arrd inl,estigatec.l in [A6|. \ia-
rious properties of these polyrromials suclr as tlreir recurrenq:e relations arrtl
r.rrt}togtirrality (see Proptlsition 4.3 il [A6]) are shown. In [A7| relations be-
tween \!'eyl-crrbit ftrnctions and nttldu]ar datii associatcd to WZ}{W r:onf,orrtral

field theorie$ a.re discussecl , A'lso rnrltiplicatiorr fornulas for tlrese ťtrnctiolls
&re pre§er}ted in [A7. A8].

(ii) In rny opinicltt, one can clistirrguish the íblloil,ing applications of thé nralhetnir-
tical resrrlts obtairrecl irr [A1"-A9]:

to problents in solirl state plrysics and c:rystailograprirv rvith \kyl group arrcl
even Weyl grollp symmetries, see the discrete Forrrier-\&byl transform,s an<l
even transfonrrs in [Al-Aa];
to the modelirrg of vibratiorts irnd transversal wAves propagatiorr of tlrr:
grapherre sheets, see type II extericlecl \Veyl orbit fitnctiotis in [A9] a,n<l

expiicit solutions irt subsection i1.4;

to interpolation protllerl}§) e.g, b5, the construction of the nrtmerical pr.oce-
clrtles for interpolatiorr clf the clisc:retized mode} firnctiorts, see Propositions
3,1 a,rid 3.2 irr [A5], Examples 3,1 iuicl 3.2 in [A6], Exar,rnpie ?.1 irr [A9];

for findirig of cx1;licit solrrtion of sonre classes of the multivariate rlifference
equatiorx, see Exanrple .{,1 in [A6]l

t,cl gerreralizatiorr tlf Katr\Valton forntulas and tlre Kac-Petersort matrices in
\VZN\\i cotrformal ficld thcorics, sce relations (6) (la) irr [A7] arrci relation
(50) iu |A8l.
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Dr. Jiří llrivnák lras altoget}rer trlublisherl 25 articles in irnpa,ctecl je.ru11615. 1-b*
prrblicatiorr databases \iV-eb of Science ancl Scopus c<inttl,in {6 citaliorrs, rvithorrt self-
citations, to these impactecl articles, There tlrtl two main clirectiorrs irr tire candi-
date's researclr.

The first field of research encompa^§ses contribution ttl the stucly of tlre structrrre
oť cornple_x Lie algeliras and their inrariant, chara,cteristics, Tlre set of irir,ariarrt

charai:teristics oť Lie algebras is tlxtended via generirlizetl derivations anrl ctlcl,cles.
The resulting invariatlts are irppiiecl t<l the cla.ssification cif the gradecl contractiorrs
oť sl(i3.C), The can<lidate's doctoral thesis is based otr t}re prrb}icatiorrs frorrr t}ris

fie]r1.

T}re se<nnd field oť research, pertirrent to t}re preselnt habilitation thesis trnd

consisting oť 20 articles in impacted journtrls, is relaterl to the Wevi grorrp irrvariant
fitnc:tions aurl transforms. Sunrmarizing, t}te content oťthe paper§ [A1 A9l writteri,
except of the onc case. b], dr. Jiří Hrivnák with onlv one co-author, let me starte

tlrat lre is trrattre mirthenatical plrvsicist arrd he ccrntribrrted significantly to llre
discrete irnai1,,sis methods in physics an<l signal processing theory. Irr my opinion
his corrtribrrtion to this drirnairr is significant, tlreref<lre, I recommend that his
habilitation defense should proceed and that the "docent"title be awarded
to dr. Jiří Hyivnák.
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