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Thc srrb.jcct anri title of thc thesis amalgamatcs thc thrr:c conccpts, viz.,

t}ic íbrrntrlism of Quarrtum Nícclialrics (QN{), tlre speciíic research field of

Quzurtum \{eclranics orr Graphs (QG) and, finally. a less slrarply specified

cortccpt oí' Algcbrai<.: (rtrr-,tlrorls rir ) Prtlllltlurs (AP),

The clroice of such a tit]e is clever becarrse the connection between Q\,í and

QG is tratura] (see Appendices A - D) while the transition fi,om QG to AP is

ncccsszil,y (itt a ,n,a5, dcrrioustlatcc] irr tlrc ot}tc1 six Apperrdiccs) )Víargirrally,

let rne add that the stlucture of t}re decup}et of the Appendices (representing

the clecrrpiet of the publications on which this thesis is based) is strongly

rerniniscent oí the decuplet of e]ernentary baryorrs. ]n t]ris sense, in rny eyes,

Appendices A - D ccruld lrave been assigtled syrrrbols A- - A++ (i.e., tlre

names oť fbur zero-strangeness elementary particles). while t}re related triplet

of thc S: -1 baryons ;*-, Y*() and !*+ coulcl rna,rk the t}rree QG-devoted

(or. if you u,ish, Exner f T]rrck - coauthored) papels replintcd in Appendices



G, H ancl I. Ncxt. in a sort of nrathctnatical c]irllax of |he author's olrr,ious

personř}l preí'ercnc,e arrd message, t}rc doublet oí t}re S - -2 particles E*- ancl

E*() (containing tv,o stlarrge quarlrs) íincls thc r.tnicltte olrc-to-rltle parlnct,sirip

in the tr,r,o papers of Appc:rdic,,es E atrd F. Notice that t}re1,, are both pulllishccl

in Lirrear Algebra Al:pl,, t}re metlir:m rr,]tich is, bib]ionretrically speakrrrg. the

ioulrral oť tlre first-quartile scierrtiflc prestige arrd qrrality 1evel. Finally. t}re

last Apllcnrlix J (i.tl.) 1)irl)().1, 1;rrlrlislrccl in Rql. Math. Phys., exceplional itt

havirrg O.T. as the orrly alrtlror) is, undolt'l;teclh,, a,s uniqtre as t}re S : -3
particie O- (cornposed of tlre tirrcc strarrgc cluarks)

I invcstcci spztcc a,ttd titrtc 1t_i t}tc lattct,intt,tl<-1uc(,ot,y c]assificatitlu orr 1.1ur,-

pose. Having reac1 t}re tht;sis I rletectecl a cot,l,cspollclencc betrvccrr suclr a

ciecuplet-slrapecl cltrssification of t}re suilicct of t]re tlresis (i.e., beirvccn the

sizc |§| oťt}rc st,ralrgcticss oťthc auxilialy clctltclrll irr1,1 [o.ru,r.) arrrl tlrtl itrtcrt-

sitt, of thc artthot,'s fasciuation lly t}re fielct (I rvil1 give rnole r]etails below).

Obvious]v. t}re terlrporarilv earlicr. .9 : 0 Appendices/publicatiotts still seenr

íirrril_v rooted in QN,l arrd QG while, t,i1,lr time , tlre allerrtion oí O"T. dcfinitcly

tnoved to the higher IS|, cloorrred to ultimatcly convelgc to the AP-related

pirre matilcmatics (w}riclr is trclt so surprising aftcr al}: see the O. T.'s affi]j-

atiorr).

For rrre (especially r,r,hcn I trv to preterrd that I arn a ph5,sigist - or evel] 1]u-

clear phvsicist - sec also rny own affiliatirln), thcsc developmcnts ar,<l t:<lr,l,airrly

ab]e to erloke mixed f'celings. Inr]ecr]. the best citeri O. T.'s works are just

the QN'í- and QG-relatecl olcler papel-s, ertcourrtered hcrc just irr the "oldel''

catcgory of papcrs witlr, irr my tiotation. r,artislrirrg silartgerless, ^9| 
: 0.

Nevert}reless, tlris orrlv suppolts nry preceding remar]r t}rat the zrutitor put,

errrp}rasis on ]ris AP-re]ated resu]ts and that hc did not - corrcctl1,! - í'ee1

scrluced by t}re rvitlcr itrrpact oí lrls plt_y5i1,o-u,'.;tttcd papcrs alliollg physicists

(pars ,pro toto Let me mentir:n that, c.g., his Q\4- and QG-relatecl paper

IOETlOal which irttttr"cted as l]lal]y as 42 WoS citatiorrs rvas trot includetl irr

tlre nrain trody oí the tlresis, belng only mentioned, tn margo. anrotrg tlre

"other refelenccs" on p. 64.
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Attrotrg tile O.T.'s p}tvsics-relatcd papers included in lris irttroductoly

mirillstrealn presentation (and carrying tr cleirr triecc oí' the co-arithorslrip

b5, 1', Cheou) ]et me trrerrtion, as trtr illustlative stl"nrplc, thc text [TC12]

prrlrlis}rerl itr Ettropean Ph5lsics Lcttct,s a.nrl relrlinted in Appcnrlix C. Via t}rc

stucly of threshold resonances thc auihols c,lairrred that irr a Fiilóp-Tsutsrri-

tvpe star glaph (n ith an external poterrtial added on 01re of t}re lines) their

arrahlsis c:rltilrl learl. in principlr: at lcast. io a higlrlv irrterr:stirrg dcsign of the

twcl c11,1n11111rn derlices ofí'cring an adjrrstallJe qrralrtrtrn slrectt,al filter. anc]/or

a rrranipulative flow contro] of a trerv l5,pe,

Orrly :rítcr o1r0 l]Iovcs tlrroug}r 1}rc rvca]tlr of tlrc tcc}rtrit:al dctails cutcrgirrg

iu tlte t,exl-s t_rf t,}re rv}role decuplel oí t,he stlorrgly or rveakly QG-related

arialvses. ol}e al)pl,e(]iates several, slorvl1, energing dceper remarks anrl AP-
lc]atcd discor:crics. }'ilst]y, t,hc qtiarltuur-gra1:lr busittcss (lr_roking, at tlrc

fir,st siglrt, as a deeply ilh,vsics-related QN,{ sciencc) reveals its trile natrrre as

l;eing - almost excllrrsivel1, - mathetrratical and linear_algelrraic. In the partly

applicd and pari,l5, abst,racl, QG contcxt ]et me rrrentiotr. íbr il]ust,ration, t}re

existence of a srrrall comnleilt on the t,elevance of the Hermitian unitat,y

rtrirtrices in strictly QG papcr ITCl1] (on the phertorneriological í'catures of

qtrarrtr-rtn grap}rs rcfiecting tlre scai,l,erirrg properties oí verLices). Irtcleed,

the idea got revitaiized and upgraded. four years later, in a much rnore

rnathcrniltirlal (i.e., on my classificatiort scalc. l5-l :2) analvsis in papcrs

ITC15] and [TG19],

Along thcse lincs one starts tnderstanding whv O. 1' r]id rrot rrrentiort

sotrlc oí'its vcry wcll citcc] physics-oricrttcd rvorks (c,g., orr tiic berrt chaiu

graplis) at al]. Hc sirrrply clecidecl to col}centrate on several true c}ra,Ilenges

relatecl. e.g.. to certairr ext,rcrrrely interestirro- AP and nurrrber-theoretical as-

1lcclts oťtlic rntttrix attd sl-rcctral tlrcory. T}nts, ill 1;allcr IDT15] , íbr cxanplc,

onc expects to firrd just an innoc:erit-]oolrirtg arrd ltlore or less routirre a,na,Iysis

of the properties of tlre spectral gaps. |ievertheless, to the tea,der's great sur-

prise, tlre aulllors s}torv tirat tirc existettce oí lltest: gaps depcrrds, critically,

rln the }riglrly abstract number-theoretica1 properties of the ratios of the edge

lerrgths,
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Irr the closely relaterl corrtext of the studv of the periodic QC} spcctl,a

a sigtrificzrnt part of the restrhs oí 1,}re L}resis has been ilrspirerl 1l3. tlle r.ery

old Betlre-Sonrtnerfelcl c:onjecttlre. Sorne of its versions da,tc bzrck to t}re

first }ralf of the previotts century (see, i.a., the diíficult-to-firrd, t.e., not-

qui[e-alpr}rabeticaily orderecl re{'ererrce |SB33]). Extrerrrel1, irrterestirrg corr-

nections have beeit strrdied ancl fourid in [ET17] ancl [Ttr19], rti a l,ay,

c:vctt thc physics-ol,ientt:r] rtlarlet:s <rf thc thcsis arc fin<iing a satisfactiort

rvhcrr revealing the elnelgellce of connectictlls bct$7een the spectral aslrects

of the "higlrly phenometrological" cribic spatial structures oť lattic;es, attd thc:

rturnbcr-tlicclrctical aspect,s o{ <lorttirtucci íitrcticrrrs (cť. |Tut9]), t]r bct\t,t]cti

t}re role plaved b}, circu]a,rrt rnatrices in t}ie control of barrd spectla (arrcl il-

lustrated by rnultiple bcautifu] pictrtres oť tlrese spectra) in |ETT18]. Sotne

rl{'tltcsc rcsults arc ttrrly rlrtiquc: Pclsorra}ly I {clt irrlprcssccl by thc tltcolctrts

and exatnples of tire explicit constnrctions of the qua]ltun glap}rs rvith a pre-

scribcd number of the spectral gaps which can be infinite or finite. which can

bc rrort-zei,ct cll va,rrish, arrd tlre sl,ructure oí u,lric}t was expllicit a,tld corstruc-

tive. Representing a foretront of the tlontenlporary resealclr: ,after a,il, lnany

tlf t}re related (arrd, sometimes. teclrnrcally lather conlplicated) qrrestions still

remain open at plesen[.

A real pleasurc a,nr] thc clefinite reacler's rervard lies in t}ie nlr.rltiple nrathe-

matical clctails arlrl ne,"v resttlts. t;spccirrlly in t}rc srrbfic]d of thc olrl-fir,shioncri

thorrgh still incessarit]y fascinatirrg theorv of nratrices. Eveu the sceptics (I

knorv some) rv}ro urculrl not quite believe irr the irbicluitorrs plesence oť quarr-

turn gra1llrs irr t}rc lcal wollcl of quarttutlr rrlt:cltartics arrtl,/or irr its applit;aticlrrs

irr expelimental setups rvill be forced to a,ppreciate the deep mathcnra,tíca,l

appeal and bcauty of the questions asked. in tlris context, on the (irl the

prcsctlt crppotrcnt's classiíictrtion, "I]ou-zclo stt,artgcrress") levci by rrrat,}rc-

maticians arid, besicles spectral tlreorists, also by lirrear algebraists, arrd by

ntrmber tlreorists. In particularl one of tlre rnost irrrpressive arrcl bearrtiful

samples of the flna1 rcncwal of nrectirrg of mat}rematics rvith p}rysics in the

QG field ntay lle seen in Table 41 (on p. 48). Here I am leaving this poirrt

rvithout anv explanator},, coirrmctrt, and ] rrrcrc}v rccomrrcrrd cvcrybody jr,rst
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to havc a look.

Irr corrclusion. the present rcferee í'eels pleaserl to infbrm the Scientiíic

Council of CTU-FNSPE that the srrbmitted }rabilitatiorr thesis rlcrnt"lrrstrates,

bc_vond arry dorrbt. that its author, Ing. OnclŤcj Turek, PhD, is, in the field

of Applied N{at}rematics, f'ully qualificd íbr tlre corresponding promotion,
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